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Primordial non-Gaussianities
David Langlois
APC, CNRS-Universite´ Paris 7
10, rue Alice Domon et Le´onie Duquet, 75205 Paris Cedex 13, France
and
IAP, 98bis Boulevard Arago, 75014 Paris, France
This contribution gives an overview on primordial non-Gaussianities from a theoretical
perspective. After presenting a general formalism to describe nonlinear cosmological per-
turbations, several classes of models, illustrated with examples, are discussed: multi-field
inflation with non-standard Lagrangians, modulaton fields, curvaton fields. In the latter
case, a special emphasis is put on the isocurvature perturbations, which could leave a spe-
cific signature in non-Gaussianities.
§1. Introduction
A potentially promising probe of the early Universe, which has been studied very
actively in the last few years, is the non-Gaussianity of the primordial perturbations.
Whereas the simplest models of inflation, based on a single field with standard kinetic
term produce undetectable levels of non-Gaussianity, a significant amount of non-
Gaussianity can be produced in scenarios with i) non-standard kinetic terms; ii)
multiple fields; iii) a non standard vacuum; iv) a breakdown of slow-roll evolution.
In this contribution, after summarizing the formalism to describe primordial
non-Gaussianities, we review three categories of models that could produce de-
tectable non-Gaussianities. First, we discuss inflationary models with generalized
Lagrangians involving multiple scalar fields and non standard kinetic terms. Sec-
ond, we consider non-Gaussianity generated by modulaton fields, or light scalar
fields which are spectator fields during inflation but can affect some cosmological
transition. Finally, we present some aspects of non-Gaussianity arising from curva-
ton models, in particular the issue of isocurvature non-Gaussianity.
§2. Nonlinear cosmological perturbations
In this section, we first present a geometrical description of the nonlinear cos-
mological perturbations. We then summarize the traditional statistical description
of primordial perturbations, which are used to relate early Universe models with
cosmological observations.
2.1. Covariant approach
Instead of the traditional metric-based approach,1) our discussion below is based
on a more geometrical approach.2) Let us consider a spacetime with metric gab and
some perfect fluid characterized by its energy density ρ, its pressure P and its four-
typeset using PTPTEX.cls 〈Ver.0.9〉
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velocity ua. The corresponding energy momentum-tensor is given by
Tab = ρ uaub + P (gab + uaub). (2.1)
Let us also introduce the expansion along the fluid worldlines,
Θ ≡ ∇aua, (2.2)
and the integrated expansion
N ≡ 1
3
∫
dτ Θ , (2.3)
where τ is the proper time defined along the fluid worldlines. By noting that Θ/3
corresponds to the Hubble parameter H in a homogeneous and isotropic spacetime,
one can interpret Θ/3, in the general case, as a local Hubble parameter and aloc ≡ eN
as a local scale factor, N being the local number of e-folds.
The conservation law for the energy-momentum tensor, ∇aT ab = 0, implies3), 4)
that the covector
ζa ≡ ∇aN − N˙
ρ˙
∇aρ = ∇aN + ∇aρ
3(ρ+ P )
(2.4)
satisfies the relation
ζ˙a ≡ Luζa = − Θ
3(ρ+ P )
(
∇aP − P˙
ρ˙
∇aρ
)
, (2.5)
where a dot denotes a Lie derivative along ua, which is equivalent to an ordinary
derivative for scalar quantities (e.g. ρ˙ ≡ ua∇aρ).
If w ≡ P/ρ is constant, the above covector is a total gradient and can be written
as
ζa = ∇a
[
N +
1
3(1 + w)
ln ρ
]
. (2.6)
On scales larger than the Hubble radius, the above definition is equivalent to the
non-linear curvature perturbation on uniform density hypersurfaces5)
ζ = δN −
∫ ρ
ρ¯
H
dρ˜
˙˜ρ
= δN +
1
3
∫ ρ
ρ¯
dρ˜
(1 + w)ρ˜
. (2.7)
The above equation is simply the integrated version of (2.4).
The covector ζa, or the corresponding scalar quantity ζ, can be defined for
the global cosmological fluid or for any of the individual cosmological fluids (this
approach can also be extended to the case of interacting fluids6)).
2.2. Power spectrum and higher order correlation functions
We now discuss the statistical properties of the cosmological perturbation ζ. We
first define the power spectrum
〈ζk1ζk2〉 ≡ (2π)3δ(3)(k1 + k2)Pζ(k1) , (2.8)
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where the Fourier modes are defined by
ζk = (2π)
3
∫
d3x e−ik·x ζ(x) . (2.9)
Beyond the Gaussian case, the first quantity of interest is the three-point func-
tion, or its Fourier transform, called the bispectrum and defined by
〈ζk1ζk2ζk3〉 ≡ (2π)3δ(3)(
∑
i
ki)Bζ(k1, k2, k3) . (2.10)
Equivalently, one often uses the so-called fNL parameter, which can be defined in
general by
Bζ(k1, k2, k3) ≡ 6
5
fNL(k1, k2, k3) [Pζ(k1)Pζ(k2) + Pζ(k2)Pζ(k3) + Pζ(k3)Pζ(k1)] .
(2.11)
Similarly, the Fourier transform of the connected four-point function defines the
trispectrum, according to
〈ζk1ζk2ζk3ζk4〉c ≡ (2π)3δ(3)(
∑
i
ki)Tζ(k1,k2,k3,k4) . (2.12)
The various correlation functions defined above can in principle be measured, or at
least constrained, by observations of CMB fluctuations or large scale structure.
In many models, the final perturbation ζ depends on the fluctuations of one or
several scalar fields generated during inflation and the so-called δN -formalism7), 8)
provides a powerful method to evaluate, at least formally, the primordial non-
Gaussianity generated on large scales.9) The underlying idea is to describe, on scales
larger than the Hubble radius, the non-linear evolution of perturbations generated
during inflation in terms of the perturbed expansion from an initial hypersurface
(usually taken at Hubble crossing during inflation) up to a final uniform-density hy-
persurface (usually during the radiation-dominated era). Using the Taylor expansion
of the number of e-folds given as a function of the initial values of the scalar fields,
ζ ≃
∑
I
N,Iδϕ
I
∗ +
1
2
∑
IJ
N,IJδϕ
I
∗δϕ
J
∗ (2.13)
one finds,9), 10) in Fourier space,
〈ζk1ζk2ζk3〉 =
∑
IJK
N,IN,JN,K〈δϕIk1δϕJk2δϕKk3〉+
1
2
∑
IJKL
N,IN,JN,KL〈δϕIk1δϕJk2(δϕK ⋆ δϕL)k3〉+ perms.
(2.14)
From this expression, one can distinguish two types of non-Gaussianity, depending
on whether the first line or the second line dominates.
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In the first case, non-Gaussianities arise from the three-point function of the
scalar field(s), as models with non-standard kinetic terms.11)–13) This leads to a
specific shape of non-Gaussianity, called equilateral because the dominant contri-
bution comes from configurations where the three wavevectors have similar length
k1 ∼ k2 ∼ k3.
In the second case, non-Gaussianities arise from the nonlinear dependence of N
of the scalar field(s). Assuming quasi-Gaussian scalar field fluctations, one finds that
(2.14) leads to a bispectrum of the form (2.11) with
6
5
fNL =
NINJN
IJ
(NKNK)2
. (2.15)
This corresponds to another shape of non-Gaussianity, usually called local or squeezed,
for which the dominant contribution comes from configurations where the three
wavevectors form a squeezed triangle.
The present observational constraints14) on these two main types of non-Gaussianity
are
−10 < f (local)NL < 74 (95%CL), −214 < f (equil)NL < 266 (95%CL) . (2.16)
Note that other types on non-Gaussianity can be produced, such as the folded shape
(which peaks at k3 ∼ k1 + k2) arising from a non-standard vacuum.13)
Extending the Taylor expansion (2.13) up to third order, one can compute in a
similar way the trispectrum.15) For local non-Gaussianity, the trispectrum can be
written in the form16)
Tζ(k1,k2,k3,k4) = τNL [P (k13)P (k3)P (k4) + 11 perms]
+
54
25
gNL [P (k2)P (k3)P (k4) + 3 perms] , (2.17)
with
τNL =
NIJN
IKNJNK
(NLNL)3
, gNL =
25
54
NIJKN
INJNK
(NLNL)3
(2.18)
and where k13 ≡ |k1 + k3|. The present constraints on these parameters, assuming
the data do not contain any isocurvature contribution, are17)
−7.4 < 10−5gNL < 8.2 (95%CL), −0.6 < 10−4τNL < 3.3 (95%CL) .
The next section will be devoted to models with several inflatons described by
a very general Lagrangian, with multi-field DBI inflation as a concrete illustration.
Later, we will consider in turn two types of scenarios leading to local type non-
Gaussianity: modulatons and curvatons.
§3. Generalized multi-field inflation
Although it is obviously simpler to deal with a single inflaton, high energy physics
models usually predict the existence of many scalar fields. Multi-field inflation should
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thus be considered seriously. Moreover, many models involve kinetic terms that are
not standard. It is therefore useful to develop a formalism that is as general as
possible and try to tackle multi-field models described by an action of the form
S =
∫
d4x
√−g
[
R
16πG
+ P (XIJ , φK)
]
(3.1)
where P is an arbitrary function of N scalar fields and their associated N(N +1)/2
kinetic terms
XIJ = −1
2
∇µφI∇µφJ . (3.2)
This includes multi-field models of the form
P (X,φI) = X − V (φI), X ≡ GIJXIJ , (3.3)
where GIJ is an arbitrary metric in field space, as well as k-inflation models,
18) which
depend on very general single-field Lagrangians.
The expansion up to second order in the linear perturbations of the action (3.1) is
useful to obtain the classical equations of motion for the perturbations and to calcu-
late the spectra of the primordial perturbations generated during inflation. Working
for convenience with the scalar field perturbations QI defined in the spatially flat
gauge, the second order action can be written in the compact form19)
S(2) =
1
2
∫
dt d3x a3
[(
P<IJ> + 2P<MJ>,<IK>X
MK
)
Q˙IQ˙J
−P<IJ>hij∂iQI∂jQJ −MKLQKQL + 2ΩKIQKQ˙I
]
(3.4)
where the mass matrix MKL and the mixing matrix is ΩKI can be expressed in
terms of the XIJ , of P and its derivatives.
An interesting example, which combines non-standard kinetic terms with a pos-
sibly multi-dimensional inflaton space, is multi-field DBI (Dirac-Born-Infeld) infla-
tion. In these models, motivated by string theory, inflation is due to the motion of
a D3-brane in an internal six-dimensional compact space.20), 21) The dynamics of
the brane is governed by the Dirac-Born-Infeld Lagrangian, hence the name of these
models.
After some appropriate reparametrizations, the Lagrangian can be written in
the form
P = − 1
f(φI)
(√
det(δµν + f GIJ∂µφI∂νφJ)− 1
)
− V (φI), (3.5)
where the potential arises from the brane’s interactions with bulk fields or other
branes. This Lagrangian can be written explicitly in the form (3.1) upon using
det(δµν + f GIJ∂
µφI∂νφ
J) = 1− 2fGIJXIJ + 4f2X [II XJ ]J
−8f3X [II XJJXK]K + 16f4X [II XJJXKKXL]L (3.6)
where the field indices are lowered by the field metric GIJ , which corresponds to the
metric of the internal compact space, and the brackets denote antisymmetrization
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over the indices. Note that the dilaton and the various form fields are ignored in the
Lagrangian (3.5), but they can also be included in the analysis of the cosmological
perturbations generated by these models.22)
As in other multi-field inflationary models, it can be convenient23) to decom-
pose the perturbations into a so-called (instantaneous) adiabatic mode, along the
background velocity in field space, and (instantaneous) entropic modes, which are
orthogonal to the adiabatic direction. Focussing, for simplicity, on the two-field case,
where there is a single entropic degree of freedom, one can decompose the scalar field
perturbations as
QI = Qσe
I
σ +Qse
I
s , (3.7)
where the adiabatic vector eIσ and entropic vector e
I
s are normalized (via the field
space metric GIJ). The perturbations generated during inflation can then be deter-
mined by using the standard techniques, which gives24)
PQσ∗ ≃
H2
4π2
, PQs∗ ≃
H2
4π2c2s
, (3.8)
(the subscript ∗ here indicates that the corresponding quantity is evaluated at sound
horizon crossing kcs = aH). For small cs, the entropic modes are thus amplified with
respect to the adiabatic modes.
Since we are in a multi-field scenario, the curvature perturbation can evolve after
sound horizon crossing, and the spectrum of the final curvature perturbation, which
is probed by cosmological observations, can be formally written as
PR = (1 + T 2RS)PR∗ = (1 + T 2RS)
H4
4π2σ˙2
= (1 + T 2RS)
H2
8π2 ǫ cs
(3.9)
where TRS quantifies the transfer from the entropic into the adiabatic modes.
Let us now discuss non-Gaussianities in multi-field DBI inflation. The three-
point correlation functions of the scalar fields can be computed from the third order
action, which is given, in the small sound speed limit, by19), 24)
S(3) =
∫
dt d3x
{
a3
2c5sσ˙
[
(Q˙σ)
3 + c2sQ˙σ(Q˙s)
2
]
− a
2c3sσ˙
[
Q˙σ(∂Qσ)
2 − c2sQ˙σ(∂Qs)2 + 2c2sQ˙s∂Qσ∂Qs)
]}
. (3.10)
The contribution from the scalar field three-point functions to the coefficient fNL is
found to be given by
f
(3)
NL = −
35
108 c2s (1 + T
2
RS
)
, (3.11)
which is similar to the single-field DBI result, but with a suppression due to the
transfer between the entropic and adiabatic modes.
Interestingly, multi-field DBI inflation could also produce a local non-Gaussianity
in addition to the equilateral one.25) Finally, let us mention that the trispectrum in
multi-field DBI inflation has also been computed.26)
Primordial non-Gaussianities 7
§4. Modulatons
Significant non-Gaussianity can arise when a cosmological transition in the his-
tory of the Universe depends on some light scalar field, which has previoulsy acquired
some fluctuations during the inflationary phase. Consequently, in different regions of
the Universe where the value of the scalar field is slightly different, the cosmological
transition and the subsequent cosmological evolution will differ. In this way, the
fluctuations of the scalar field, which we will call a modulaton, are converted into
curvature fluctuations.
4.1. Modulated reheating
A typical example is the modulated reheating scenario27), 28) where the decay rate
of the inflaton, Γ , depends on a modulaton σ.
A simple way to compute the curvature perturbation is to calculate the number
of e-folds between some initial time ti during inflation, when the scale of interest
crossed out the Hubble radius, and some final time tf . For simplicity, let us assume
that, just after the end of inflation at time te, the inflaton behaves like pressureless
matter (as is the case for a quadratic potential) until it decays instantaneously at
the time td characterized by Hd = Γ . At the decay, the energy density is thus
ρd = ρe exp[−3(Nd −Ne)] and is transferred into radiation, so that, at a subsequent
time tf , one gets
ρf = ρde
−4(Nf−Nd) = ρee
−3(Nf−Ne)−(Nf−Nd). (4.1)
Using the relation Γ = Hd = Hf exp[2(Nf − Nd)] to eliminate (Nf − Nd) in (4.1),
we finally obtain
Nf = Ne − 1
3
ln
ρf
ρe
− 1
6
ln
Γ
Hf
. (4.2)
This implies that the nonlinear curvature perturbation can be simply expressed as
ζ = ζinf − 1
6
ln
(
Γ (σ)
Γ¯
)
, (4.3)
where ζinf represents the contribution to the curvature perturbation from the inflaton
fluctuations. At linear level, this leads to the curvature power spectrum
Pζ = Pζinf +
1
36
(
Γ,σ
Γ
)2
Pδσ∗ = Pζinf +
1
36
(
Γ,σ
Γ
)2(H∗
2π
)2
. (4.4)
By expanding (4.3) up to second and third orders in δσ∗, one can easily determine the
bispectrum and trispectrum for the curvature perturbation. Using the expressions
(2.15) and (2.18), one finds that the associated nonlinear parameters are given by
fNL = 5
(
1− ΓΓ
′′
Γ ′ 2
)
Ξ2, (4.5)
and
τNL =
36
25
f2NLΞ
−1 , gNL =
50
3
(
2− 3ΓΓ
′′
Γ ′ 2
+
Γ 2Γ ′′′
Γ ′ 3
)
Ξ3 . (4.6)
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where Ξ = 1 − (Pζinf/Pζ) represents the fraction of the curvature power spectrum
due to the modulaton.
4.2. Modulated trapping
One can also envisage the possibility that a modulaton field affects the cosmolog-
ical evolution during inflation. This is the case in the modulated trapping scenario,29)
which relies on the resonant production of particles during inflation.30) In this model,
the inflaton φ is coupled to other fields, for example to some fermions ψ via with the
interaction Lagrangian Lint = λφ ψ¯ψ.
If, during inflaton, the effective mass of ψ, meff = m − λφ becomes zero, this
triggers a burst of production of these particles. Even if these particles are quickly
diluted by the exansion, their backreation will affect the evolution of the inflaton,
governed by the equation of motion
φ¨+ 3H φ˙+ V ′ (φ) = N λ〈ψ¯ψ〉 = λn∗
(
a
a∗
)−3
Θ(t− t∗). (4.7)
Indeed, the term on the right hand side induces a temporary slow-down of the
inflaton, which leads to a slightly longer phase of inflation. This brief trapping of
the inflaton thus manifests itself as an increment of the number of e-folds until the
end of inflation:
N = Nstd(φ) +∆Ntrapping (4.8)
Let now assume that this trapping depends on some modulaton, for example via
the coupling between the inflaton and the particles, and occurs well after the fluctua-
tions of the modulaton (on observable cosmological scales) have been generated. This
is in contrast with other scenarios30)–33) where the trapping occurs approximately
when cosmological scales exit the Hubble radius, which leads to special features in
the CMB spectrum as well as specific non-Gaussianity.34)
Using the Taylor expansion of (4.8), where only the second term ∆N depends
on the modulaton σ:
ζ = δN =
dNslow−roll
dφ
δφ+ · · ·+∆N,σδσ + 1
2
∆N,σσδσ
2 +
1
6
∆N,σσσδσ
3 (4.9)
(higher order derivatives with respect to the inflaton are ignored, because they
give negligible non-Gaussianities), one can compute the power spectrum and non-
Gaussianity of the curvature perturbation, generated by the modulated trapping
scenario.29) According to (2.15), the corresponding non-linearity parameter for the
bispectrum is given by
6
5
fNL =
(∆N,σ)
2∆N,σσ(
N sr,φ
2 + (∆N,σ)2
)2 =
(
Ptrappingζ
Pζ
)2
∆N,σσ
(∆N,σ)2
= Ξ2
∆N,σσ
(∆N,σ)2
. (4.10)
Similarly, the nonlinear coefficients of the trispectrum are
τNL =
(∆N,σσ)
2
(∆N,σ)4
Ξ3 =
36
25Ξ
f2NL , gNL =
25
54
∆N,σσσ
(∆N,σ)3
Ξ3 (4.11)
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The most interesting situation occurs when the coupling λ depends directly on
the modulaton, which leads to the nonlinear parameters
fNL =
1
2eβ
(
3 + 2
λλ′′
λ′2
)
Ξ2, gNL =
1
2e2β2
[
1 + 6
λλ′′
λ′2
+ 4
λ2λ′′′
3λ′3
]
Ξ3 , (4.12)
where β ≡ Max(∆φ˙)/|φ˙∗| cannot exceed 1.
If λ depends only linearly on σ, the first expression reduces to fNL = 3Ξ
2/(2eβ),
which shows that it is quite easy to obtain a detectable level of non-Gaussianity in
this scenario: for example, one gets fNL ≃ 55 with β = 0.01 and Ξ = 1. Moreover,
there is a specific relation between τNL and gNL which could be confronted with obser-
vations if these quantities can be measured, and thus distinguish this scenario from
other scenarios leading to different relations between the nonlinear coefficients.35)
If the future cosmological data point to the existence of a significant amount
of local non-Gaussianity, the modulated trapping scenario would thus represent a
viable model, together with the modulated reheating or the curvaton scenario which
we examine in the next section.
§5. Curvatons and isocurvature perturbations
The last example that we consider in this contribution is the curvaton scenario,36)
or more precisely in the mixed curvaton and inflaton version37) where the inflaton
fluctuations are also taken into account. The curvaton is a weakly coupled scalar
field, σ, which is light relative to the Hubble rate during inflation, and hence acquires
Gaussian fluctuations with an almost scale-invariant spectrum. After inflation the
Hubble rate drops and eventually the curvaton becomes non-relativistic so that its
energy density grows with respect to that of radiation, until it decays.
Many aspects of the curvaton scenario have been studied in the literature. Here,
we wish to focus our attention on isocurvature perturbations that can be generated in
this type of scenario, and their non-Gaussianity. Isocurvature non-Gaussianity, which
has been investigated recently in several works,38)–44) could indeed be distinguished
from the usual adiabatic non-Gaussianity and thus open a new window on the early
Universe, if ever detected.
As a preliminary step we present a general formalism that computes systemati-
cally the evolution of the nonlinear perturbations of various fluids through a decay
transition. We then apply this formalism to a scenario with a curvaton fluid, ra-
diation and cold dark matter CDM and compute the adiabatic and isocurvature
perturbations, up to third order.
5.1. Evolution of the perturbations due to the decay of some species
We now consider a very general setting where several cosmological fluids coexist,
each of them characterized by the nonlinear curvature perturbation
ζA = δN +
1
3(1 + wA)
ln
ρA
ρ¯A
, (5.1)
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as follows from the definition (2.6). We wish to compute the curvature perturbations
after the decay of one these fluids, denoted σ, which will later correspond to the
curvaton.
In the sudden decay approximation, which we adopt here, the decay takes place
on the hypersurface characterized by Hd = Γσ, where Hd is the Hubble parameter
at the decay and Γσ is the decay rate of σ. Since H depends only on the total energy
density, the decay hypersurface is a hypersurface of uniform total energy density,
with δNd = ζ, where ζ is the global curvature perturbation. The equality between
the sum of all energy densities, before the decay and after the decay, thus reads∑
A
ρ¯A−e
3(1+wA)(ζA−−ζ) = ρ¯decay =
∑
B
ρ¯B+e
3(1+wB)(ζB+−ζ), (5.2)
where the subscripts − and + denote quantities defined, respectively, before and after
the transition. In the above formula, we have used the non-linear energy densities of
the individual fluids, which can be expressed in terms of their curvature perturbation
ζA by inverting the expression (5.1).
Expanding the first equality in (5.2) up to third order, one finds
ζ =
∑
A
λA
[
ζA− +
βA
2
(ζA− − ζ)2 + β
2
A
6
(ζA− − ζ)3
]
, (5.3)
with the coefficients
βA ≡ 3(1 + wA), λA ≡ Ω˜A
Ω˜
, Ω˜A ≡ (1 + wA)ΩA, Ω˜ ≡
∑
A
Ω˜A , (5.4)
where the abundance parameters are defined just before the decay: ΩA ≡ ρ¯A−/ρ¯decay.
Note that, although the global perturbation ζ appears on both sides of (5.3), this
relation can be used iteratively in order to determine, order by order, the expression
of ζ in terms of all the ζA−, up to third order.
Just after the decay, the energy density of the fluid σ is transferred into the one
or several of the remaining fluids. Introducing the relative branching ratios γAσ, this
means that the energy density for any species A, just after the decay of σ, is simply
given by
ρA+ = ρA− + γAσρσ. (5.5)
This relation, which is fully non-linear, can be reexpressed, upon using (5.1), in the
form
eβA(ζA+−ζ) = (1− fA)eβA(ζA−−ζ) + fAeβσ(ζσ−−ζ) , (5.6)
where the parameter
fA ≡ γAσΩσ
ΩA + γAσΩσ
(5.7)
represents the fraction of the fluid A that has been created by the decay.
Expanding (5.6) up to third order, and using (5.3), one gets
ζA+ =
∑
B
T BA
[
ζB− +
βB
2
(ζB− − ζ)2 + β
2
B
6
(ζB− − ζ)3
]
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−βA
2
(ζA+ − ζ)2 − β
2
A
6
(ζA+ − ζ)3 (5.8)
with the coefficients
T AA = fA
(
1− βσ
βA
)
λA + (1− fA) (5.9)
T σA = fA
(
1− βσ
βA
)
λσ + fA
βσ
βA
(5.10)
T CA = fA
(
1− βσ
βA
)
λC , C 6= A, σ . (5.11)
Finally, after using (5.3) again, one finds that (5.8) yields the full expression, up to
third order, of all the post-decay curvature perturbations in terms of the pre-decay
curvature perturbations:43), 44)
ζA+ =
∑
B
T BA ζB− +
∑
B,C
UBCA ζB−ζC− +
∑
B,C,D
V BCDA ζB−ζC−ζD−, (5.12)
with
UBCA ≡
1
2
[∑
E
βET
E
A (δEB − λB)(δEC − λC)− βA(TAB − λB)(TAC − λC)
]
.
and
V BCDA ≡ −
1
2
∑
E,F
βETAE(δEB − λB)λFβF (δFC − λC)(δFD − λD)
+
1
6
∑
E
β2ETAE(δEB − λB)(δEC − λC)(δED − λD)
−βA(TAB − λB)
[
UCDA −
1
2
∑
E
βEλE(δEC − λC)(δED − λD)
]
−1
6
β2A(TAB − λB)(TAC − λC)(TAD − λD) .
The above expression thus provides a systematic computation of the post-decay
curvature perturbations for all fluids in a very general setting. For scenarios with
several decay transitions, the perturbations can be obtained by combining the various
expressions of the type (5.12) for each transition.
5.2. Mixed curvaton and inflaton scenario
We now apply the general formalism presented above to a scenario involving a
curvaton σ, behaving as a pressureless fluid, in addition to radiation (r) and CDM
(c), which can lead to isocurvature perturbations.45), 46) The formula (5.12) allows
us to compute, in terms of the pre-decay perturbations, the perturbations ζr and ζc
after the decay, or equivalently the adiabatic perturbation, which coincides with ζr
deep in the radiation era, and the CDM isocurvature perturbation
Sc = 3(ζc − ζr). (5.13)
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For simplicity, we restrict our analysis to the situation where
ζc− = ζr− ≡ ζinf , (5.14)
by assuming that the CDM and radiation perturbations, before the curvaton decay,
depend only on the inflaton fluctuations.
The curvaton fluid isocurvature perturbation before the decay, Sσ, can be easily
related to the curvaton field fluctuations in the case of a quadradic potential. Indeed,
writing the (non-linear) energy density of the oscillating curvaton defined on the
spatially flat hypersurfaces, characterized by δN = ζr when the curvaton is still
subdominant:
ρσ = m
2σ2 = m2 (σ¯ + δσ)2 = ρ¯σe
3(ζσ−ζr) = ρ¯σe
Sσ , (5.15)
leads to the relation
eSσ =
(
1 +
δσ
σ¯
)2
. (5.16)
Expanding this expression up to third order, and using the conservation of δσ/σ in
a quadratic potential, we obtain
Sσ = Sˆ − 1
4
Sˆ2 +
1
12
Sˆ3 , (5.17)
where the quantity
Sˆ ≡ 2δσ∗
σ¯∗
(5.18)
is Gaussian.
Using the general expressions (5.12), one finds that the primordial curvature
perturbation is given by
ζr = ζinf + z1Sˆ +
1
2
z2Sˆ
2 +
1
6
z3Sˆ
3 , (5.19)
with
z1 =
r
3
, z2 =
r
18
(
3− 8r + 4r
ξ
− 2r
2
ξ2
)
, (5.20)
z3 =
r2
54
(
6r3
ξ4
+
24r2
ξ2
− 4r
2
ξ3
− 48r
ξ
− 15r
ξ2
+ 64r +
18
ξ
− 36
)
, (5.21)
where the parameter
ξ ≡ γr σ
1− (1− γr σ)Ωσ (5
.22)
can be interpreted as the efficiency of the energy transfer from the curvaton into
radiation (ξ = 1 if the curvaton decays only into radiation, i.e. γrσ = 1), and
r ≡ ξ r˜ , r˜ = 3Ωσ
4−Ωσ . (5
.23)
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For the primordial isocurvature perturbation, one obtains
Sc = s1Sˆ +
1
2
s2Sˆ
2 +
1
6
s3Sˆ
3 , (5.24)
with
s1 = fc − r, s2 = 1
6
(
3fc(1− 2fc) + 2r
3
ξ2
− 4r
2
ξ
+ 8r2 − 3r
)
, (5.25)
s3 = −1
2
f2c (3− 4fc)−
r2
18
(
6r3
ξ4
+
24r2
ξ2
− 4r
2
ξ3
− 48r
ξ
− 15r
ξ2
+ 64r +
18
ξ
− 36
)
. (5.26)
From these expressions, one can determine the power spectrum, the bispectrum and
the trispectrum, which can be probed by observations.
The power spectrum for the total curvature perturbation follows from the linear
part and is given by
Pζr = Pζinf +
r2
9
P
Sˆ
= Ξ−1
r2
9
P
Sˆ
, (5.27)
where Ξ represents the fraction of the power spectrum due to the curvaton con-
tribution. The power spectrum for the isocurvature fluctuations is, according to
Eq. (5.24),
PSc = (fc − r)2PSˆ . (5.28)
Both curvature and isocurvature perturbations depend on the curvaton fluctuations
and are therefore correlated, with the correlation coefficient:
C = PSc,ζr√PScPζr = εf
√
Ξ, εf ≡ sgn(fc − r). (5.29)
In the pure curvaton limit (Ξ ≃ 1), adiabatic and isocurvature perturbations are
either fully correlated, if εf > 0, or fully anti-correlated, if εf < 0. In the opposite
limit (Ξ ≪ 1), the correlation vanishes. For intermediate values of Ξ, the correlation
is only partial, as can also be obtained in multifield inflation.47)
The isocurvature-to-adiabatic ratio
α =
PSc
Pζr
= 9
(
1− fc
r
)2
Ξ , (5.30)
is strongly constrained by cosmological observations, the precise limits depending on
the assumed level of correlation between the isocurvature and adiabatic perturbations
(since the impact of isocurvature perturbations on the observable power spectrum
depends crucially on this correlation48)). In terms of the parameter a ≡ α/(1 + α),
the limits (based on WMAP+BAO+SN data) given in14) are
a0 < 0.064 (95%CL), a1 < 0.0037 (95%CL) , (5.31)
respectively for the uncorrelated case (Ξ = 0) and for the fully correlated case
(Ξ = 1). According to (5.30), the observational constraint α ≪ 1 can be satisfied
if |fc − r| ≪ r (which includes the case fc = 1 with r ≃ 1) or if Ξ ≪ 1, i.e. the
curvaton contribution to the observed power spectrum is very small.
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5.3. Adiabatic and isocurvature non-Gaussianities
Since we now deal with two observable quantities, namely adiabatic and isocur-
vature perturbations, the definition of the bispectrum can be extended to include
both types of perturbations. In our particular case, where there is only one degree
of freedom, Sˆ, at the nonlinear level, one can show that the generalized bispectra
(with indices I = {ζ, S}) are of the form 43)
BIJK(k1, k2, k3) = b
I,JK
NL PSˆ(k2)PSˆ(k3)+b
J,KI
NL PSˆ(k1)PSˆ(k3)+b
K,IJ
NL PSˆ(k1)PSˆ(k2)
(5.32)
with
bI,JKNL ≡ N I(2)NJ(1)NK(1), (5.33)
where N ζ(2) = z2, N
S
(2) = s2, N
ζ
(1) = z1, N
S
(1) = s1, respectively.
Recalling that the usual, purely adiabatic, fNL is proportional to the bispectrum
of ζ divided by the square of the power spectrum, one defines the analogs of fNL by
dividing the coefficients bI,JKNL by the square of the ratio Pζ/PSˆ = z
2
1/Ξ, i.e.
f˜ I,JKNL ≡
6
5
f I,JKNL ≡
Ξ2
z41
bI,JKNL . (5
.34)
Taking into account the fact that the last two indices can be permuted, this leads to
six different coefficients, explicitly given by the expressions
f˜ ζ,ζζNL =
z2
z21
Ξ2, f˜ ζ,ζSNL =
s1z2
z31
Ξ2, f˜S,ζζNL =
s2
z21
Ξ2, (5.35)
f˜ ζ,SSNL =
s21z2
z41
Ξ2, f˜S,ζSNL =
s1s2
z31
Ξ2, f˜S,SSNL =
s21s2
z41
Ξ2 . (5.36)
The same analysis applies to the trispectra that combine adiabatic and isocur-
vature perturbations, leading to the generalized parameters44)
τ IJ,KLNL ≡
N I(2)N
J
(2)N
K
(1)N
L
(1)
z61
Ξ3 , g˜I,JKLNL ≡
54
25
gI,JKLNL ≡
N I(3)N
J
(1)N
K
(1)N
L
(1)
z61
Ξ3,
(5.37)
where N ζ(3) = z3 and N
S
(3) = s3. Taking into account the symmetries under per-
mutations of the indices, one finds, for two observables (I = {ζ, S}), 9 different
parameters τ IJ,KLNL and 8 parameters g˜
I,JKL
NL .
An interesting question is whether one can find significant non-Gaussianities,
while satisfying the bound on the isocurvature spectrum. As mentioned earlier,
this isocurvature constraint can be satisfied with Ξ ≃ 1 if fc and r are sufficiently
close. In this case, one finds that the purely adiabatic non-Gaussianity dominates.
But in the alternative situation where Ξ ≪ 1, one finds that, with respect to the
purely adiabatic non-Gaussianity, the purely and mixed isocurvature ones are either
enhanced by constant factors, if fc ≪ r ≪ 1, or much more strongly enhanced with
powers of (3fc/r), if r ≪ fc ≪
Primordial non-Gaussianities 15
§6. Conclusions
As this contribution has tried to illustrate with a few explicit examples, the
detection of primordial non-Gaussianities would have dramatic consequences.
First, since the simplest inflationary models, based on a single field in slow roll,
predict a negligible amount of primordial non-Gaussianities, these models would
have to be replaced with more elaborate models, involving several scalar fields, non
standard kinetic terms or other features.
Second, since the measurement of non-Gaussianities contains potentially a lot
of information, in particular concerning their shape, one could hope to discriminate
between different categories of models, which would otherwise appear degenerate in
their predictions of the power spectrum.
Even the simplest shape of non-Gaussianity, the local shape, can hide sur-
prisingly rich variations if perturbations are generated by several scalar fields and
if isocurvature perturbations survive. In such situation, purely adiabatic, purely
isocurvature and mixed non-Gaussianities could coexist and the hierarchy between
their amplitudes would provide invaluable information. Since isocurvature fluctua-
tions are usually associated with the generation of dark matter and baryon asym-
metry in the Universe, non-Gaussianity from isocurvature fluctuations, if detected
in the future, would give us a lot of insight into the nature of dark matter, the
mechanism of baryogenesis, and therefore into high energy physics.
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